
SELF-SIMILAR PLANE MOTIONS 

HEATED BY RADIATION 

V. M o K r o l  ' 

O F  A HEAT-CONDUCTING GAS 

P r o c e s s e s  occurr ing  in a substance subjected to radiat ion f rom optical quantum genera tors  have r e -  
cently a t t rac ted  considerable  attention f rom r e s e a r c h e r s .  Of considerable  importance are  thermodynamic 
p roce s se s .  In fact, since the absorption coefficient depends on t empera tu re  and density,  motion, accom-  
panied by t empera tu re  and densi ty variat ion,  ma te r i a l ly  affects t r ansmis s iv i t y  and ra te  of heating. The 
pat tern of motion is ve ry  complex, even in one-dimensional  (plane) problems,  pa r t i cu la r ly  in vapors having 
generated shock waves propagating from the region of energy r e l ea se .  Their  range and effects in these 
p roces ses  vary  with the intensi ty of the incident radiat ion flux and the init ial  densi ty of the substance.  

At high vapor  t empera tu res ,  considerably exceeding the sublimation t empera tu re  T s of the sub- 
stance (at which the internal  energy per  unit of mass  is  g r ea t e r  than the heat of evaporation Qs and the 
vapor densi ty p is  appreciably  lower than the density P0 of the solid body), the problem can be s implif ied 
by assuming 

Ts= Qs=0, Po= c~ ( v 0 = t / p 0 =  0). (0.1) 

In the region of mult iple and full ionization, the absorpt ion coefficient kq of optical radiat ion of ion- 
ized vapors  can usually be descr ibed  by a power function of the p r e s s u r e  p and the specific volume v, 

kq = Kqvap b (0.2) 

(for a fully ionized gas a = - 5 / 2  and b=-3 /2 ) .  

The heating p rocess  of a perfect  nonheat-conducting gas and gas motion were considered in [1-3] on 
assumptions (0o 1) and (0o 2). The heating of a gas adjoining a vacuum resu l t s  in an inc rease  of p r e s s u r e  p, 
and its consequent sca t t e r .  Decrease  of the absorption coefficient kq with decreas ing  densi ty and increas ing  
t empera tu re  T produces a deeper  penetrat ion of radiat ion into mat te r .  The heating and motion of an ab-  
solutely cold infinitely dense gas is  a s e l f - s i m i l a r  problem.  It was considered in approximation in [3]. 
Here a detai led analys is  is m~tde of the ordinary  different ia l -equat ion sys tem defining the s e l f - s i m i l a r  
motion (2-5), and resu l t s  of numerica l  integrat ion a re  given (8) for:  the dis t r ibut ion of p a r a m e t e r s  of the 
maximum tempera tu re  T m attained during heating; the p r e s s u r e  Pv at the body surface resul t ing  f rom the 
sca t t e r  of vapors ;  the veloci ty u 0 of the gas boundary. The two l a t t e r  p a r a m e t e r s  can be most conveniently 
used for  the indirect  determinat ion of attained t empera tu re .  

As shown by Nemchinov, heating and rarefac t ion  waves may also occur  when the forward front of the 
vapor-heat ing wave does not coincide with the evaporat ion front, i . e . ,  as if the ionized vapor l ayer  had 
been generated p r i o r  to the considered interact ion phase.  This often takes place under l abora tory  condi- 
tions in exper imental  determinat ion of the effect of the OQG (optical quantum generator)  on a sol id-body 
surface,  e~ g. ,  when a "gigantic impulse" is preceded by a prolonged "phone" of continuous radia t ion of a 

l e s s  powerful flux. 
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In such p r o b l e m s  it is  n e c e s s a r y  to c o n s i d e r  the mot ion of gas  f o r w a r d  of the hea t ing  wave f ront .  
We a s s u m e ,  for  s i m p l i c i t y ,  that  the t e m p e r a t u r e  and the r a t e  of mot ion of v a p o r s  a r e  s m a l l  in c o m p a r i s o n  
with those  of the in i t ia l  i m p u l s e  and that  the in i t ia l  v a p o r  p r e s s u r e  is  the s a m e  throughout .  A heat ing wave, 
whose d imens ion  (of the o r d e r  of 1 /p  kq) i n c r e a s e s  owing to the d e c r e a s e  of kq with i n c r e a s i n g  t e m p e r a -  
tu re ,  p r o p a g a t e s  du r ing  the f i r s t  phase  of r ad i a t i on  hea t ing  of the gas  which is  v i r t u a l l y  s t a t i ona ry  and i t s  
dens i t y  has  not ye t  been  a l t e r e d  [1, 2]. Heat ing  i n c r e a s e s  gas  p r e s s u r e  and, when the gas  is  cont iguous 
to a vacuum,  r e s u l t s  in gas  d i s p e r s i o n .  In i t ia l ly ,  the r a r e f a c t i o n  wave occupies  a s m a l l  p a r t  of the heated 
reg ion ,  and the l ight  f lux q in it  does  not a p p r e c i a b l y  v a r y  in c o m p a r i s o n  with the incident  f lux q0- 

The p r e s e n c e  of a r a r e f a c t i o n  wave has v i r t u a l l y  no effect  on the n e a r l y  s t a t i o n a r y  gas  f o rw a rd  of i ts  
f ron t .  This  phase  was c o n s i d e r e d  in [2]~ Af te r  the r a r e f a c t i o n  wave has  moved through a d i s t ance  c o m -  
p a r a b l e  to the d i m e n s i o n s  of the whole heated reg ion ,  the d e c r e a s e  of the abso rp t ion  coeff ic ient  kq, con-  
sequent  on the d e c r e a s e  of dens i ty  p, which l e a d s  to i n c r e a s e d  r ad i a t i on  pene t ra t ion ,  b e c o m e s  impor tan t ,  
and a s e l f - c o n s i s t e n t  r a r e f a c t i o n  and hea t ing  wave se t s  in [3]. 

The r e a c t i o n  fo rce  accompany ing  gas  d i s p e r s i o n  g e n e r a t e s  a shock wave which p r o p a g a t e s  in the sub-  
s t ance .  Since in th is  p r o b l e m  the shock-wave  mot ion v i t i a t e s ,  g e n e r a l l y  speaking,  i t s  s e l f - s i m i l a r i t y ,  the 
r e s u l t s  r e l a t i v e  to the shock -wave  f o r m a t i o n  s tage  c i ted  in [3] had to be obta ined by the a p p r o x i m a t e - d i f -  
f e r e n c e  method.  The shock wave b e c o m e s  subsequen t ly  de tached  f r o m  the hea ted  zone, so that  the s e l f -  
s i m i l a r  solut ion [3], obta ined  without tak ing  into c o n s i d e r a t i o n  the shock wave.  can be used .  

As shown in this  pape r ,  the p r o b l e m  wil l  be s e l f - s i m i l a r  [or f ini te  in i t ia l  dens i ty  (p0< ~o) of the heated 
subs t ance  and for  the shock wave taken  into account ,  if the !ight f lux v a r i a t i o n  i s  a power  function of t ime ,  
such that  the  c h a r a c t e r i s t i c  gas  dens i t y  is  cons tan t  ( q ~ t  a/2 fo r  a = - 5 / 2  and b = - 3 / 2 ) .  This  p r o b l e m  is  
c o n s i d e r e d  in de ta i l  in w 6 and 7. 

The s e l f - s i m i l a r  so lu t ion  c o n s i d e r e d  def ines  the p r o c e s s e s  of hea t ing  and gas  mot ion f r o m  the v e r y  
beginning,  hence,  the consecu t ive  changes  of phase ,  in which individual  p r o c e s s e s  a r e  unessen t i a l ,  do not 
a p p e a r  in i t .  

The c h a r a c t e r i s t i c  dens i ty  of d i s p e r s e d  m a t t e r  v a r i e s  with the  r ad i a t i on  flux (or the in i t ia l  dens i ty) .  
This  m a k e s  it p o s s i b l e  to t r a c e  the effect  of p a r a m e t e r  v a r i a t i o n  on the solut ion t r a n s i t i o n  for  dens i ty  c lose  
to in i t i a l  to the l i m i t  solut ion fo r  a dens i ty  c o n s i d e r a b l y  lower  than the in i t ia l ,  on the d i s t r i bu t i on  of p a r a m -  
e t e r s ,  and on shock wave ampl i tude  and pos i t ion .  The d e r i v e d  solut ion i s ,  in i t s e l f  of i n t e r e s t  in the d e -  
t e r m i n a t i o n  of p a r a m e t e r s  for  p l a s m a  heated by an opt ica l  quantum g e n e r a t o r  when, dur ing  the in i t ia l  phase  
of impu l se ,  the  r ad i a t i on  flux i n c r e a s e s .  

In the p r o b l e m s  c o n s i d e r e d  above,  t h e r m a l  conduct iv i ty  was not taken  into account .  

It fo l lows f rom [4, 5] that  at  suf f ic ien t ly  high t e m p e r a t u r e s  the effect  of e l e c t r o n  t h e r m a l  conduct iv i ty  
b e c o m e s  a p p r e c i a b l e .  The p r o b l e m  of hea t - conduc t ing  gas  mot ion  with a non l inea r  t h e r m a l - c o n d u c t i v i t y  
coef f ic ien t  was c o n s i d e r e d  in [6-8] but without tak ing  into account  the heat  added by r ad ia t ion .  

In th is  p a p e r  s e l f - s i m i l a r  mot ions  a r e  c o n s i d e r e d  with these  two f a c to r s  a l so  taken  into account .  

The s e l f - s i m i l a r i t y  condi t ion i m p l i e s  that  for  kq ~ p3/Z the t h e r m a l  conduc t iv i tyk§  ~ p2 (p is  the p r e s -  
su re ) .  This  d e p e n d e n c e  kf(p) is  c lo se  to the  t rue  one in ful ly  ionized p l a s m a  (k:f ~ pd~) ~. Hence the s o l u -  
~ i o n d e r i v e d  in w can be used  fo r  a p p r o x i m a t e l y  a s s e s s i n g  the t h e r m a l - c o n d u c t i v i t y  effect .  

Because  of the  f o r m a l  g e n e r a l i t y  of p r o b l e m s  c o n s i d e r e d  here ,  the ana lys i s  of the se t  of p r o b l e m s  
(w with and without t ak ing  into account  t h e r m a l  conduct iv i ty  i s  c a r r i e d  out c o n c u r r e n t l y .  

1o F o r  a p e r f e c t  gas  with cons tan t  ad iaba t i c  exponent  the equat ions  of motion,  continui ty,  energy ,  
and of t r a n s p o r t  of l ight  and heat  f luxes  a r e  of the f o r m  

Ou Op Or 8u 
a-~i + FErn - O, at - -  ~m ' 

ap a~, . , a ( t + z )  
v T F §  = ( t - - 7 ~  F~- 

k a (pz,) a (p,.) oq ] = - - -  I 0--SK--n = - - K 1 ~ c v ' ~  ' Om ~ O m  
- -  k q q  - - K ~ v a p b q .  (1.1) 
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Here  u is  the  ve loc i ty ;  v is  the spec i f i c  vo lume;  p is  the p r e s s u r e ;  q a n d f  a re ,  r e s p e c t i v e l y ,  the 
l ight  and heat  f luxes ;  t is the t i m e ;  m is  the L a g r a n g i a n  m a s s  coo rd ina t e ;  kf and kq a re ,  r e s p e c t i v e l y ,  the 
t h e r m a l  conduct iv i ty  and the abso rp t ion  coef f ic ien t ;  Kf and Kq a r e  n u m e r i c a l  coe f f i c ien t s .  

F o r  a ful ly  ionized  p l a s m a  the exponents  a r e :  a = - 5 / 2 ,  b = - 3 / 2 ,  e = 5 / 2 ,  and d = 3 / 2 .  

At the in i t i a l  ins tan t  of t i m e  t=0 the gas  in the h a l f - s p a c e  m -  > 0 is  a s s u m e d  to be cold and s t a t i o n a r y  

u = p  : O, v = v o f o r t : 0 .  
(1.2) 

At t -  > 0 r ad i a t i on  q impinges  o n t h e g a s ,  a h e a t  flux f p e n e t r a t e s  i ts  boundary ,  and the gas  is  se t  in 
mot ion  by  a p i s ton  whose ve loc i ty  u (or the p r e s s u r e  p e x e r c i s e d  by  i t  on the  gas) is  spec i f i ed .  The r e l a t e d  
boundary  condi t ions  of the , rob lem a r e  def ined by t h r e e  funct ions 

q (0, t), / (0, t), u (0, t) (or p (0, (t)). 

Equat ions  (1 .1 ) - (1 .3  will  be s e l f - s i m i l a r ,  if condi t ions  

q(0, t) = q0t-a/~, u(0, t) = Uot'-l~ (or p(O, t )=pot  -2j~) 
f (0, t) = fot-3I~, v (m, 0) =: vo, k = t + 2b, c = 1/2 ~ b, 

a r e  s a t i s f i ed .  

When v0=0 (the l i m i t  case  of hea t ing  a dense  medium),  the p r o b l e m  b e c o m e s  s e l f - s i m i l a r ,  under  
condi t ions  l e s s  r i g id  than (1.4), with r e s p e c t  to the l ight  and heat  f luxes  

(1.3) 

(1.4) 

f (0, t) =~/or e, q (0, t) == qot z (g -- is an arbitrary number). ( l .  5) 

Thus,  at  the pis ton,  the heat  f lux mus t  be p ropo r t i ona l  to the inc ident  r ad i a t i on  flux. F o r  a t h e r m a l l y  
in su la t ed  p i s ton  !(0 =0) th is  c o n s t r a i n t  i s  r e m o v e d .  

Inwhat  fol lows (w the  mot ions  wil l  be c o n s i d e r e d  on the a s sumpt ion  that  (1.4) i s  s a t i s f i ed .  We 
in t roduce  s e l f - s i m i l a r  v a r i a b l e s  V, P, U, Q, F,  and x def ined by  

v (m,  t) = voV (x),  p (m,  t) = t -~ '  % ~ - ' " ) '  ~K~ ~' 7, p (x),  

u (m, t) = t -1' ~v~t+~-:)l~K; 1I ~U (x), 

q (m,  t ) =  t-3/~v~2-aa+8)!~Kqa17~Q (x), 

f (m, t) = t -3 / ~voa+t+(~'~-~+2~b) / ~ i~ ,~  "~ L~-(t+2~),' ~ ,  (x), 
.--2b I 7t T~I ! Ir (a+b) l k 

X ~ //'t~ / k q  U 0 
(1 .6)  

a n d  by subs t i tu t ing  t h e s e  into (1.1),  obta in  a s y s t e m  Of s e l f - s i m i l a r  equa t ions  

V' = i F V P '  = "-- r~x~V' + 7 '  - ~  - -  , 

z F ' =  (Y-- 1) Q YaP b -f- 2 P V  / k  + rx  ( V P '  + TPV') ,  

U ' = - - - r x V ' ,  Q ' = - - Q V ~ p  b, 6=:P--r2x~V, 

r =- 2 b / k ,  z = ( y - -  t ) K I K ~ v  a+a+'1'. (1 .7)  

In the absence  of heat  conduct ion (kf=0) the s y s t e m  of equat ions  is  of the f o r m  

v ' = { [ ( t - y )  QV~P b - 2pV / kl  / rx  - UV / k} / 5, 

U '  = - -  r x V ' ,  P '  = - -  r2x  2 V" + U / k ,  

Q" = - QV~p b, 5 = ~p - r~x~V. 
(1. s) 
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2. It follows f rom the in i t ia l  and the boundary  condit ions (1.2) and (1.3) that the n u m b e r  (6) of 
boundary  condit ions exceeds the n u m b e r  (5) of equat ions.  For  (1.7) these boundary  condit ions can be 
wr i t ten  in the fo rm 

Q = Qo, P = P o  (for u = Uo), F = F  o for x = 0  U : P  = 0 ,  

V = I for z = ~ ,  (2.1) 

For  x=0 the condit ion F = F  0 does not apply to Eqs.  (1.8). To solve the stated boundary -va lue  p rob-  
l e m  and sa t is fy  the "redundant"  boundary  condition, it is n e c e s s a r y  to in t roduce a ce r t a in  free p a r a m e t e r .  
Genera l ly  the l a t t e r  can be e i ther  the s e l f - s l m i l a r  coordinate  x~. or, with a continuous solution,  the jump 
[ep ~] of one of the de r iva t ives .  

In tegra t ion  of Eqs.  (1.7) can be c a r r i e d  out f rom x=0 to x=x 1 by se lec t ing  the th ree  f ree  p a r a m e t e r s  
U(0) (or P(0)), V(0), and x2 to sa t is fy  the las t  th ree  of condit ions (1.9). Such a method would, however,  be 
too labor ious ,  s ince  it neces s i t a t e s  the de t e rmina t ion  of th ree  unknown p a r a m e t e r s  for obtaining a single 
solut ion.  In tegrat ion f rom x=x 1 to x=0 is more  effective.  In this  case  any of the i n t e rmed ia t e  solut ions 
will be a solut ion of the input p rob lem with boundary  p a r a m e t e r s  at point x=0, which, however,  may differ  
f rom the r equ i r ed  P0, Q0, and F 0. The sea rch  for a solut ion for  a p r io r i  specif ied P0, Q0, and F 0 will 
provide solut ions for the whole range  of these  p a r a m e t e r s ,  and the computat ion of equations would provide 
addit ional  useful  in fo rmat ion  on the kind of motions cons idered  he re .  

3. We shall  prove that continuous solut ions of this  p rob lem are  not poss ib le .  By v i r tue  of the boun-  
da ry  condit ions (2.1) the sign of function 5 (x) =p- r2xZV changes in the in te rva l  (0, ~). We denote by Xp 
the point at which 5 (x)=0, and add subsc r ip t s  p to all p a r a m e t e r s  at that point.  Let us a s s u m e  that this  
point is not a s ingu la r  one, i . e . ,  

d+l c kFv + 5"pVp P~ =~0 for r% =(Pv/Vv) "~, (3.1) 

In i ts  neighborhood funct ions V, P, U, Q, and F a re  (to within t e r m s  of a higher  o rde r  of smal lness )  
of the f o r m  

V = V p  + v ,  P = P v - -  r2x2v, U = U p - -  rxpv 

Q = Qv-vp'3 vpapvb ( x - x v ) ,  F = F  v + r x p  (TPp--  r2x~vVp)v (3.2) 

Subst i tut ing (3.2) into the f i r s t  of Eqs.  (1.7) and, again, neglec t ing  t e r m s  of a h igher  o rde r  of s m a l l -  
nes s ,  we obtain 

dv kFp-t- upvd+l.pp c ~ A1. 
u ~ x  r2 2 c d 2 XpPp Vp (3.3) 

The following re la t ionsh ips  

dx = Alvin=% -- O, dx2 x=% ' 
(3.4) 

mean  that the va r i ab le  x and the function v have ex t r ema  at point x~, i . e . ,  funct ion v(x) exis ts  only on one 
side of x=x . It follows f rom this that  when there  a re  no nodal- t~pe s ingu la r  points  in the in terva l  (0, x l) p �9 
the solut ion will be d iscont inuous .  

A s i m i l a r  reasoning ,  with only sl ight changes,  proves  the absence  of continuous solut ions which do 
not pass  through a s ingu la r  point within the in te rva l  (0, xl), also in the case of Eqs.  (1.8) (kf=0). We then 
have rXp = (~/Pp/Vp) 2/2. 

4. The r e l a t ionsh ips  at d i scon t inu i t i e s  at point x=x 2 can be obtained d i rec t ly  f rom the s e l f - s i n d l a r  equa-  
t ions  (1.7) by in tegra t ing  these  f rom x2 -Ax  to x 2 + Ax and pass ing  to l imi t  for Ax ~ 0 ~  After s imple  t r a n s -  
fo rmat ions ,  we obtain fo rmulas  s i m i l a r  to those in [6] 
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1,~ = Pi  / r2x22: P~ = PiVi / V2, Q2 = Qi, 

U~ = Ui  + rx2 (Vi --V2), 

f~ = F~ + (~? - -  1) r3x23(V~ --V2~) / 2~. 

The s a m e  ope ra t i on  appl ied  to Eqs.  (1.8) y i e lds  

(4.1) 

7 3 = V ~ ( v - - t ) / ( ?  § 2 4 7 2 4 7  1) r~x22, Q~ = Q~, 

P2 = Pl  + r2x2 ~ (Vi - -  V2), U2 = Ui + rx2 (V 1 - -  V2). (4.2) 

Subsc r ip t s  1 and 2 in (4.1) and (4.2) denote  p a r a m e t e r s  to the  lef t  and r igh t  of point  x z, r e s p e c t i v e l y .  
We note that  in both c a s e s  6 unde rgoes  a change of i t s  s ign  when p a s s i n g  through the d i scon t inu i ty  

5i = - -  53" (4.3) 

This  e n s u r e s  a s t epwise  t r a n s i t i o n  of 5 (x) f r o m  the reg ion  5> 0 at x< x 2 to reg ion  5< 0 at x> x 2, as  
d ic t a t ed  by the boundary  condi t ions  (1.9),  thus avoiding point  Xp at  which 5=0. 

Let  us p rove  the i m p o s s i b i l i t y  of ex i s t ence  of m o r e  than one d i scon t inu i ty  in the solut ion,  if it  does  
not p a s s  through point  Xp. To do this  we r e w r i t e  (4.1) and (4.2) for  spec i f i c  vo lumes  in the f o r m  

V2 == V1 ~ 6i / r2x22 for k 14= O, 

V2 -- V~+ 261 / (';-[- l )  r2x22 for ~i-----0, {4.4) 

e x p r e s s i n g  6 i in t e r m s  of P i  and V 1 

51 -- P i - -  r2x2~V1 for k/:~0, 

51 = TPl - -  r2x22V1 for k! = 0. (4.5) 

Le t  us  a s s u m e  that  two d i scon t inu i t i e s  ex i s t  at poin ts  x=x 2 and x=x~ when x 2 < x~. Accord ing  to (2.1) 
51(x 2) > 0, hence ,  at  point  x 2 we have,  in a c c o r d a n c e  with (4.4),  a c o m p r e s s i o n  jump V2>V 1. Poin t  x 3 wil l  
be r e ached  fo r  5t(x 3) < 0 (in a c c o r d a n c e  with (4.3)) .  We wil l ,  consequent ly ,  have at point  x 3 a r a r e f a c t i o n  
jump V z < V1, which v io l a t e s  the second  law of t h e r m o d y n a m i c s .  

A def in i te  r e l a t i o n  ex i s t s  be tween  the p a r a m e t e r s  in a so lu t ion  p a s s i n g  through the s i n g u l a r  point  Xp 
(vanishing of the n u m e r a t o r  in the  e x p r e s s i o n s  fo r  V'  in (1.7) and (1.8)),  and th is  c a nc e l s  one f r e e  p a r a m -  
e t e r .  When the s i n g u l a r  point  Xp i s  not a saddle ,  t h e r e  mus t  n e c e s s a r i l y  ex i s t  one m o r e  d i scont inu i ty .  
However ,  the a n a l y s i s  of v a r i a t i o n  of the n u m e r a t o r  in the e x p r e s s i o n  fo r  V'  in (1.8) at point  Xp with v a r y -  
ing f r ee  p a r a m e t e r  xl, c a r r i e d  out by  a qua l i t a t ive  examina t ion  of i n t e g r a l - c u r v e  b e h a v i o r  of (1.8) and of 
obta ined n u m e r i c a l  r e s u l t s ,  has  shown that  in the r eg ion  bounded by nega t ive  va lues  the v a r i a t i o n  of th i s  
p a r a m e t e r  is  monotonic .  The a s sumpt ion  of ex i s t ence  of so lu t ions  p a s s i n g  th rough  the s ingu la r  point  Xp 
and sa t i s fy ing  the boundary  condi t ions  (1.9) is  thus shown to be unfounded, al though we have no s t r i c t  p roof  

of th is .  

5. Le t  us c o n s i d e r  now the s ingu la r  points  of Eqs.  (1.7) and (1.8).  As shown in w function 5(x) 
does  not vanish  in the i n t e rva l  (0, xl) ; hence,  s i n g u l a r i t i e s  can only a p p e a r  at poin ts  x=0 o r  x=x 1 of the 

i n t e rva l  b o u n d a r i e s .  

F o r  P0>0 Eq. (1.7) does  not have a s i n g u l a r i t y  at point  x=0, whi le  Eqs.  (1.8) a l low at th is  point  a 
r e l a t i onsh ip  c l e a r l y  showing that  point  x=0 is s ingu la r .  To find the l a t t e r ,  we wr i t e  the  n o n s e l f - s i m i l a r  
ene rgy  equat ion f rom (1.1) for  m=0 (with kf=0) 

,~dp(O,t) , .dr(O, t) V(0, ~ f ~  s •p(0, t) ~ -- ( 7 - -  i)Kqv~( 0' t) Pb( O' t) q(O, t), (5.1) 

subs t i tu te  in i t  the e x p r e s s i o n s  given in (1.6) for  p, v, and q, and take  into c o n s i d e r a t i o n  that  at point  

m=0 we have x=0.  
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Afte r  t r i v i a l  r educ t ions  Eq. (5.1) b e c o m e s  r e a d i l y  in tegrableo  As a r e s u l t  we obta in  

oUl-aDl-b 
k (~" - -  i )  Qo = - -  - - o  ~ o  (5.2) 

R e v e r t i n g  to Eqs.  (1.8),  we a s c e r t a i n  that  point  x=0 is s i ngu l a r .  The so lu t ion  in the ne ighborhood of 
th i s  point  is  of the  "node" kind, and, within t e r m s  of h ighe r  o r d e r  of s m a l l n e s s ,  is  of the  f o r m  

2P~+bV~ +a "4- UoVo (2bk ~i  - -  2 k - i  - -  r) 

V ~ V o ~-  2 P 0 ( a  - -  i )~2b~Po  

U =  Uo - -  rx (V - -  Vo), P = Po + Uox / k,  Q = Qo (l - v0 ~ P0bx), (5.3) 

whe re  A is  an a r b i t r a r y  cons tan t .  

In d i s p e r s i o n  into vacuum (P0 =0) point  x=0 for  Eqs .  (1.7) and (1.8) i s  a lways  a s i ngu la r  point  of the  node 
kind.  The so lu t ion  of Eqs.  (1.8) in the ne ighborhood of th is  s i ngu la r  point  is ,  within t e r m s  of h igher  o r d e r  
of s m a l l n e s s ,  of the  f o r m  

V = l a x  ~ - -  ( ~ -  I) po (U0/k)~-iO -1 ]11 (i-a) 
r [ i - ~ ; ( b . t ) / ( i - - a ) ] q - 2 / k J  

U := Uo + r x V ( i - - b ) / ( b - - a ) ,  P =: U o x / k ,  

/U0\~ b+tV a{ i - - a  = r) a - - i  o (5.4) 

w h e r e  A is  an a r b i t r a r y  cons tan t .  

The na tu re  of the s i n g u l a r  point  x=0 (at P0 =0) is  the s a m e  fo r  (1.7) and (1.8) when the exponent  d < 0. 
The c a s e  of Q0 =0 and d> 0 was c o n s i d e r e d  in [7]. Ana lys i s  of the s i n g u l a r  point  x=0 fo r  a r b i t r a r y  a, b, c, 
and d is  made  dif f icul t  by  the g r e a t  n u m b e r  of p o s s i b l e  v a r i a t i o n s .  

Sys tem (1.8) has  a s i n g u l a r i t y  at  the t e r m i n a l  point  x=x 1 at which U = P = Q = 0  and V=V 1. The only 
so lu t ion  i s su ing  f r o m  th is  point  is  in i t s  ne ighborhood,  within t e r m s  of h igher  o r d e r  of s m a l l n e s s ,  of the 
fo rm 

P = [--bVi a (x 1 - -  x ) ] - ' / b  V - ~ V  i - p ~  r2xl 2, 

U = t 9 / r x l ,  Q = x r i V  i l o / ( 7  - t ) ,  ( x < x i ,  b . - <  0) .  ( 5 . 5 )  

In the  p r e s e n c e  of hea t  conduct ion (kf~0) i t  is  a l so  p o s s i b l e  to speak  of a s i n g u l a r i t y  at a c e r t a i n  point  
x=x l  at  which U = P = Q = F  =0 and V=V1. In the ne ighborhood  of th is  point  the solut ion,  which is  a l so  of the 
f o r m  (5.5),  i s  to be supp lemen ted  b y  the e x p r e s s i o n  fo r  the  heat  f lux which, for  o~ = - 5 / 2  and b = - 3 / 2 ,  is  
of the f o r m  

F = 3/~ (x 1 _ x). (5.6) 

However ,  s ince  (unlike the c a s e  of kf=0) we have at our  d i s p o s a l  only two f r ee  p a r a m e t e r s  xl  and i 2 
(when i n t eg ra t i ng  equat ions  f rom x=xl  to s=0) ,  the input p r o b l e m  (w so lved  for  any set  of P0, Q0, 
and F 0 spec i f i ed  fo r  x=0.  

When so lv ing  the input p r o b l e m  n u m e r i c a l l y  i t  is  expedient  to make  use  of the fact  that ,  depending on 
the r e l a t i o n  be tween  P0, Q0, and F 0' t h e r e  ex i s t s  a t e r m i n a l  point x I such that  for  x -  > xl  Q(K)<<F(x) (or F(x) 
<<Q(x)). We can then a s s u m e  in a p p r o x i m a t i o n  that  in the ne ighborhood of th is  point  Q(x) - 0  (or F(x) = 0), 
and p r o c e e d  f r o m  the s i n g u l a r  point  xl, us ing  the a p p r o p r i a t e  power  f o r m u l a s  and tak ing  as  the t h i rd  f r ee  
p a r a m e t e r  (apar t  f r o m  the c o o r d i n a t e s  of the  s i n g u l a r  point  x 1 and of x 2 of the  s t rm~gdiscont inui ty)  point  i 3 at 
which Q(x 3) =a (orb r e s p e c t i v e l y ,  F(x 3) =e), where  a<< F(x 3) (or e<< Q(x3) ). 

6. Light  o r  hea t  f luxes  of su f f i c ien t ly  high in tens i ty  r e a c h i n g  a gas  g e n e r a t e  p a t t e r n s  of mot ion  in 
which the v a r i a t i o n  of the spec i f i c  volume V(x) r e l a t i v e  to V(xl) in the i n t e rva l  (x 2, x 1) and of the in t e rva l  
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(0, x 2) re la t ive  to (0, xl) can be neglected;  i . e . ,  it is possible  to cons ider  the heated gas as s ta t ionary  
throughout the interval  (0, xl). The exact  analyt ical  solution of this p rob lem was derived in [1, 2] fo r  
absorpt ion of a light flux with nonl inear  absorpt ion coefficient.  Similar  pa t te rns  exist,  also, when the 
light flux is absorbed  by a heat-conduct ing gas .  For  V =- ] the s e l f - s i m i l a r  equations (1.7) are  of the f o r m  

r x P ' = ( y - - t )  Q ' ~  k (6.1) 

When c - - -b ,  (6.1) admits  pa r t i cu la r  solutions of the f o r m  

p = p o ( i _  x )  - l i b  = ( i _  x -l~b, -~-j , Q Qo ~-} (6.2) 

x l  = b ' t k (bxx) 2 T - - t "  

In spite of their  ve ry  pa r t i cu la r  form.  solutions (6.2) give a good general  p ic ture  of the si tuation 
a r i s ing  in the p resence  of heat conduction - the inc reased  light flux Q0 n e c e s s a r y  for  obtaining the max imum 
of t empera tu re  P0 (here V=I) .  

In the case  cons idered  this dependence can be wri t ten in the f o r m  

( Q o ( K I ) =  A + B K  I A = - -  k ( ' r - - i )  ' B =  �9 (6.4) 

In the absence  of heat conduction (kf=0), functions (6.2) a re  exact  solutions (see, e . g . ,  [1, 2]) of the 
s e l f - s i m i l a r  input problem,  and provide a s imple  express ion  for  the flux Q0 n e c e s s a r y  for  obtaining m a x i -  
mum t empe ra tu r e  P0 

2P~o -b 
Q0 (/)0) = (t - T) (t -~ 2b) " (6.5) 

Fo r  a fully ionized p lasma  ( b = - 3 / 2  and 7 =5/2) f r o m  (6.5) we have 

3 p~/~ Qo= /2. o. (6.6) 

Numer ica l  calculat ions c a r r i e d  out fo r  the region Q0 > 10 (V(x l) =1 )havey ie lded the  same  resul t ,  thus 
conf i rming the existence of a wide range of values of Q0 in which gas heating is defined with a cons iderable  
degree  of accu racy  by s imple  re la t ionships  (6.2) when kf--0. 

The other  l imit  mode, opposite to that desc r ibed  above, occurs  in the input problem when 

V I - ~ 0  for Qo=cons t ,  P o = c o n s t ,  F o = c o n s t .  (6.7) 

Here the t r ans fo rma t ion  formulas  (6.6) must  be used in the fo rm 

k] n Tz3 / ~tTr 
q =  qo t -3 :kQ,  v ~ q o  ~ q  v .  

( 1 - 2 a ) l n  - t i n  - 2 / k  ~O.+b-a)~ 'n~z l ln+- l i kTT  
P : qo K~ 1 t P ,  ~ ~ ~o ~ q  ~ --, 

3 1,5--2a~F-2ab "~ 2c~-1 (d-~-t)k-}-l,5--2a-~2ab 3 

] = K t K ~  , 1~ qo t F 

x = m t  -2b J ~q(o ~+b)/n --qT(~l ~, n = 2 - -  3a + b. (6.8) 

A solution of the stated boundary  value)~roblem exists  for  VI=0 and is an analog of the s e l f - s i m i l a r  
solution for  t ime-dependent  flux q(0, t ) ~ t  -3/~ [3]. 
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S e l f - s i m i l a r  p rof i les  of this  solut ion a re  shown in Fig.  1 for P0 =0.18, Q0 =6.65, and k f = O .  The ex-  
tens ion  of the high p r e s s u r e  region  to x =~ is explained by the fact that in the m a s s  the speed of sound 

c~ = (Tp / v) '/2 .--, oo for v ~ o. 

The r e spec t ive  s e l f - s i m i l a r  prof i les  for  Vi<< 1 obviously do not differ g rea t ly  f rom those for  Vl=0;  
however,  owing to the f ini te  speed of sound c m when V> 0, the p r e s s u r e  P> 0 does not "penet ra te"  point 
x =oo, but van i shes  at the t e r m i n a l  point x 1. 

Typical  for  the t r a n s i t i o n  (6.7) to l imi t  a re  the following re la t ionsh ips :  

xl--  xo.-,0, x i o  oo for v i--*0. (6.9) 

In the in te rva l  (x V, xl), the solut ion of such s e l f - s i m i l a r p r o b l e m s  can be approx imate ly  given in the 
fo rm 

P(x)=P~,  y ( x ) = v l ,  u =  ( ?=0  

for zv ,,< x < xi ,  

omit t ing  at point x v the solut ion of Eqs.  (1.8) with in i t ia l  condit ions 

(6.10) 

P = P v ,  V = V i ,  U =  Q= e ~ t  
for x =  x,. (6.11) 

Here Pv and x v a re  the two f ree  p a r a m e t e r s  (instead of xl and xz), with which the two lef t -hand 
boundary  condit ions in (6.7) can be sa t i s f ied .  

Because  of the c lo senes s  of the solut ion for Vi<< 1 to the l imi t  mode at Vl=0, it is poss ib le  to define 
the r e l a t ion  between the shock-wave coordinate  x 2 and V1 

V1 = (~2 -[- l) P,~12r2x 2. ( 6 . 1 2 )  

Here P m  is the m a x i m u m  p r e s s u r e  in the l imi t  p rob lem at Vl=0. 

7. Analys is  of the above modes and the r e su l t s  of ca lcu la t ions  on a computer  for i n t e rmed ia t e  modes 
leads  to the conclus ion  that the solut ions  of the bounda ry -va lue  p rob lem stated in w 1 can be found in the 
c l a s s  of funct ions sa t i s fy ing  the re l a t ionsh ips  at the shock wave, with a s ingle  d iscont inui ty .  

Let us cons ide r  the set  of solut ions  of (1 .8)-(1.9)  (omitting heat conduction) with boundary  condit ions 
Q0=const, P0=cons t ,  and 0-<VI-< 0% Modes close t o t h e l i m i t s  (Vl<<land Vl>>l )were  d e s c r i b e d i n w  The 
s e l f - s i m i l a r  p rof i les  of i n t e rmed ia t e  modes (0 < Vl< oo) a re  of the same pat tern ,  cons i s t ing  of two cont in-  
uous cu rves  along segments  [0, x2] and Ix 2, xl] with a t r a n s i t i o n  jump f rom one to another  at point x 2, as 
defined by (4.2). With i n c r e a s i n g  V 1 point x 2 is  shifted towards x=0, the shock wave ampli tude d imin i shes ,  
and the length of segment  Ix 2, xl] i n c r e a s e s .  With dec rea s ing  V 1 the coordinate  x 2 of the s t rong  d i scon t in -  
ui ty  and the shock-wave ampli tude i nc rea se ,  while the length of segment  [x 2, xl] van i shes .  

The s i m i l a r i t y  between the heat waves TVI and TVII in [6], and the modes close to the l imi t s  V1 =~176 
and VI=0 can be r ead i ly  seen.  

The d i f ference  between these  is that in the f i r s t  the gas is heated by a heat flux, while in the second 
by a l ight flux; f u r t h e r m o r e ,  in the l a t t e r  the o rd ina ry  speed of sound is to be taken into account ins tead 
of the i so the rmic .  

The s e l f - s i m i l a r  p rof i les  of one of the in t e rmed ia t e  solut ions a re  shown in Fig.  2 for Q0 =3.01, 
p0=0. 014, and Vi--1. The r eca l cu l a t i on  for Q0=I yie lds :  P0=0. 0062, Pmax=0 .62 ,  (PV)max = 0.45 and 
V l = l . 3 1 .  

The p is ton  p r e s s u r e  P(0)=P0 is the s e c o n d p a r a m e t e r .  Along with Vl i t  d e f i n e s t h e p a t t e r n o f i n t e g r a l  
curves  of Eqs.  (1o 8). Its i n c r e a s e  r e su l t s  in a shift of the s t rong  discont inui ty ,  i . e . ,  an i n c r e a s e  of i ts  
s e l f - s i m i l a r  coordina te  x~ and that of p r e s s u r e  P and veloci ty U throughout the in te rva l  (0, x l). 

In convent ional  (adiabatic) gasdynamics  the motion behind a shock wave does not affect the motion 
in f ront  of it. However,  in the p r e sence  of a l ight flux, pe r tu rba t ions  a re  t r a n s m i t t e d  ac ros s  the shock 
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wave.  It should be noted that ,  as  shown by n u m e r i c a l  ca l cu la t ions ,  
t h e r e  ex i s t s  for  any mode at  f ixed V 1 a p r e s s u r e  P. ,  such that  the v a r i a -  
t ion of the p i s ton  p r e s s u r e  130 in the i n t e rva l  (0, P.) has  v i r t u a l l y  no 
effect  on the mot ion  behind the shock wave .  It is  th is  a spec t  which 
m a k e s  it e x t r e m e l y  diff icul t ,  when in t eg ra t ing  Eqs.  (1.8) f r o m  x=x 1 
to x=0, to obtain the  spec i f i ed  r e a s o n a b l y  sma l l  p r e s s u r e  P0- 

In the p r e s e n c e  of heat  conduction,  suppl ied  heat  flux F 0 is  d e t e r -  
mined by the behav io r  of i n t eg ra l  cu rves  of Eqs.  (1.7) as  wel l  a s  the 
p a r a m e t e r s  Q0, P0, and V 1. The ca se  of Q0 =0 was c o n s i d e r e d  in [6, 7]. 
The combined  effect  of f luxes  Q0 and F 0 does  not m a t e r i a l l y  affect  the  
quant i ta t ive  mot ion  p a t t e r n  c o n s i d e r e d  he re  and in [6, 7]. The p r e s e n c e  
of hea t  conduct ion r e s u l t s  in the smooth ing  of t e m p e r a t u r e s ,  p a r t i c u l a r l y  
s t rong ly  ev idenced  by shock-wave  i s o t h e r m i c i t y  (see (4.1))o The c o m -  
bined effect  of l ight  and heat  f luxes  is  shown fo r  one of the modes  in 
F ig .  3 for  a = l ,  Q0=12, V(x l )= l ,  c=2,  and d = - l .  

The dependence  of the d i m e n s i o n l e s s  m a x i m u m  p r e s s u r e  Pmax  
and t e m p e r a t u r e  (PV)ma x on the d i m e n s i o n l e s s  spec i f i c  volume u is  
shown in a l o g a r i t h m i c  s ca l e  in F ig .  4 for  d i s p e r s i o n  into a vacuum 
(P0=0) of a nonhea t -conduc t ing  gas  (k(=0) with p l a s m a  coeff ic ient  kq 
and Q0 =1. F r o m  t h e s e  c u r v e s  it is  p o s s i b l e  to d e t e r m i n e  at any moment  
of t i m e  t the  m a x i m u m  p r e s s u r e  Pmax(t) and the " t e m p e r a t u r e "  (pV)ma x 
(t) for  a g iven l ight  f lux q(0, t)=q0t'V 9 and in i t i a l  spec i f i c  vo lume v 0 

where  P m a x  and (PV)ma x a r e  funct ions  of p a r a m e t e r  

v~ = ~o~WX~ "v~. 

Pmax (t) ~ tqV'I~q IL Pmax,  

r Ct):= tq~.Kv. (pV)max. (7 a )  

F r o m  the r e s u l t s  shown in F ig .  1, r e c a l c u l a t e d  for  Q0=l,  we obtain P m a x  ~0o 69 and (PV)ma x ~ 0 .44  
fo r  V1<<1, while fo r  V1>>1 f rom (6~ we have 

P ~  = (%)'/,v~'I~. (/'V)~a ~ = (~/,)'/,~'/~. 

8. Le t  us c o n s i d e r  a l ight  flux q(0, t )=% cons tant  with r e s p e c t  to t i m e ,  s t r i k i n g  a m a t t e r  of inf ini te  
dens i ty  (v(m, 0) =0). F o r  the d i s c h a r g e  of a nonhea t -conduc t ing  gas  into vacuum the in i t ia l  and the boundary  
condi t ions  for  (1o 1) a r e  

1~ la_g 
u =  v = p = O  f o r t = O ,  

q = q o ,  p = O  for re=O, t>O.  

The in t roduc t ion  of s e l f - s i m i l a r  v a r i a b l e s  U,  V, P ,  Q, and x by 

(8.1) 

v = t -3 / c  qo(~b+l ) lCK~lcv  (x) .  

p ~ t 1/c q(~a-DllcK~/c.P (x), 
o cl 

q ~ qoQ (x) ,  x -~  mt(b-3a)/cq'~ (a+b)]c ~ 2 / c  (8.2) 

whe re  c = 3 a - b - 2 ,  r e d u c e s  (1.1) and (8.1) to  the  fol lowing s y s t e m  

r x U ' =  Uc ~I - p ' ,  rxV" = 3V / c-}-  U'  

r x ( V P '  -f- ,/PV') = (37 -- t ) c -~PV - -  (7 -- 1) O' 
Q' = - - Q v a p  b, r = (b - -  3a)c  -x) (8.3) 
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wi th  b o u n d a r y  c o n d i t i o n s  

P (0) = 0, Q (0) = 1, V = Q : U = 0 for x = zl. (8.4) 

The  two b o u n d a r y  po in t s  x=0  and x = x l  a r e  s i n g u l a r  po in t s  of  (8 .3) .  

When i n e q u a l i t i e s  a < b < 0 a r e  s a t i s f i e d  in the  v i c i n i t y  of a poin t  x=0  of the  node kind, the  so lu t ion  can  
be  e x p r e s s e d ,  to w i th in  t e r m s  of h i g h e r  o r d e r  of s m a l l n e s s ,  in the  f o r m  

(T -- t) (i -- a) (xUo / c)b-lQo AxOl 1/(l-a) 
V :  rT(b__ t )__[ (3T_ l ) / c__r] ( t__a  ) d- 
p_Vo   , 

(8.5) 

w h e r e  A is  an a r b i t r a r y  c o n s t a n t .  

In the  n e i g h b o r h o o d  of the  s i n g u l a r  poin t  •  l, at  wh ich  U =V=Q =0 and P =P: ,  when  the  i n e q u a l i t i e s  
r <  0 and a<  0 a r e  s a t i s f i e d ,  the  so lu t i on  can  be  p r e s e n t e d ,  to wi th in  t e r m s  of h i g h e r  o r d e r  of s m a l l n e s s ,  in 
the  f o r m  

-/ o 1 z 

-2 

F i g .  4 

V = [aPl  6 ( x - -  Xl)] - l /a ,  iO = P l  - -  r2x21 Vt 
U = rx 1 V, Q = VrxiPiV / (t --  V). 

(8.6) 

B o u n d a r y - v a l u e  p r o b l e m  ( 8 . 3 ) - ( 8 . 4 )  m a y  be  s o l v e d  by i n t e g r a t i n g  E q s .  
(8.3) f r o m  x=0  to  x = x l  wi th  the  u s e  of  e x p a n s i o n  (8.5) ,  and s e l e c t i n g  the  f r e e  
p a r a m e t e r s  A and U 0 so  as  to s a t i s f y  cond i t i ons  U 0=Q=0 f o r  V = 0 .  The  o t h e r  
m e t h o d  - i n t e g r a t i o n  of E q s .  (8.3) f r o m  x = x  1 to  x=0 ,  p r o c e e d i n g  wi th  (8.6) f r o m  
the  s i n g u l a r  point  xl ,  and wi th  p a r a m e t e r  P l  s e l e c t e d  so  a s  to s a t i s f y  cond i t i on  
P ( 0 )  =0 - w a s  u s e d  in the  d e r i v a t i o n  of r e s u l t s  p r e s e n t e d  h e r e .  

The  s e l f - s i m i l a r  p r o f i l e s  shown in F i g s .  5 and 6 w e r e  c a l c u l a t e d  f o r  
o ~ = - 5 / 2 ,  b = - 3 / 2 ,  and G/=5/3.  

The  c o o r d i n a t e  of the  s i n g u l a r  po in t  x1 (the s e l f - s i m i l a r  c o o r d i n a t e  of 
t h e  " v a p o r i z e d "  m a s s ) ,  the  p r e s s u r e  1) 1 (at t he  " s o l i d  body s u r f a c e " )  
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I 

Q$ -% 

J 
~Z,: M g75 

F i g .  5 

T A B L E  I 

Xl 
P1 
V (0) 
x m 

Vm 

% 

0. 630 
0.637 

--3.38 
0.286 
0. 542 
0.209 
2.59 
0.849 
i . i0 

O. 543 
0.517 

--2.94 
O. 249 
0.488 
0.t75 
2.79 
0.859 

-i02 

'/5 

0.425 
0.367 

--1.40 
O. t07 
0,423 
0,098 
4.29 
0.972 

--t.13 

? I 

O x 
~25 ~5 

F i g .  6 

T A B L E  2 

xl 0.907 0.817 
P1 0.695 0.574 
U (0) --2.83 --2.4t ] 
x m 0.371 0.320 
(PV) ~ O. 423 0.364 
Pm 0.240 0. t93 
Vm i. 77 t. 89 
Qm 0.83i 0.853 
U m --0.96t --0.909 

~7J 

% 

O. 688 
0.4i6 

--i.85 
O. 246 
0.277 
0.i30 
2.t2 
0.883 

--0.832 

at  tha t  point ,  the  c o o r d i n a t e  x m at which  " t e m p e r a t u r e "  PV a t t a i n s  i t s  m a x i m u m ,  and the  v a l u e s  of a l l  
v a r i a b l e s  at tha t  point ,  a s  we l l  a s  the  d i s p e r s i o n  v e l o c i t y  of p a r t i c l e s  b o r d e r i n g  on v a c u u m  U(0) a r e  g i v e n  

in T a b l e  1 f o r  a = - - 5 / 2  b = - 3 / 2 ,  a n d s / = 5 / 3 ,  7 /5 ,  and 6 / 5 ,  r e s p e c t i v e l y .  

In Tab le  2 the  s a m e  m a g n i t u d e s  a r e  g i v e n  f o r  a = - 3 / 2  and b = - l / 2  (va lues  t y p i c a l  f o r  r e g i o n s  of m u l -  

t i p l e  i o n i z a t i o n  [2]). 

The  d e p e n d e n c e  of m a x i m u m  p r e s s u r e  Pm and m a x i m u m  t e m p e r a t u r e  (pv) m on t i m e ,  on the  n u m e r i -  
ca l  c o e f f i c i e n t  Kq, and on the  i n t e n s i t y  of the  i n c i d e n t  f lux q0, in t he  hea t i ng  of  an i n f i n i t e l y  d e n s e  m e d i u m  
(v0=0) wi th  p l a s m a  c o e f f i c i e n t  kp and T = 5 / 3  i s  de f i ned  by 

Pm (t) = 0,637t -V' q~'Kq V', 

v ~ lt~ 0 542tl/4ql/'K ~1" 
P ) m ~ .  : ~  ' 0 q " (8.7) 

The  a u t h o r  w i s h e s  to e x p r e s s  h i s  thanks  to  I. V,  N e m c h i n o v  f o r  s u g g e s t i n g  the  sub j ec t  and f o r  h i s  

v a l u a b l e  a d v i c e  and d i s c u s s i o n .  
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